Let P be a collection of n points moving along pseudo-algebraic trajectories in the plane.
INTRODUCTION
Delaunay triangulations. Let P be a finite set of points in the plane. Let VD(P ) and DT(P ) denote the Voronoi diagram and Delaunay triangulation of P , respectively. For a point p ∈ P , let Vor(p) denote the Voronoi cell of p. The Delaunay triangulation DT = DT(P ) consists of all triangles spanned by P whose circumcircles do not contain points of P in their interior. A pair of points p, q ∈ P are connected by a Delaunay edge if and only if there is a circle passing through p and q that does not contain any point of P in its interior. Delaunay triangulations and their duals, Voronoi diagrams, are fundamental to much of computational geometry and its applications. See [5, 10, 11] for a survey and a textbook on these structures.
In many applications of Delaunay/Voronoi methods (e.g., mesh generation and kinetic collision detection) the points of the input set P are moving continuously. Even though the motion of the points is continuous, the combinatorial structure of the Voronoi and Delaunay diagrams changes only at discrete times when certain critical events occur.
For the purpose of kinetic maintenance, Delaunay triangulations are nice structures, because, as mentioned above, they admit local certifications associated with individual triangles. This makes it simple to maintain DT(P ) under point motion: an update is necessary only when one of these empty circumcircle conditions fails-this corresponds to co-circularities of certain subsets of four points. 2 Whenever such an event happens, a single edge flip easily restores Delaunayhood.
Let n be the number of moving points in P . We assume that the points move with so-called pseudo-algebraic motions of constant description complexity, meaning (in particular) that any four points are co-circular at most s times, for some constant s > 0. By using lower-envelope techniques in certain parametric planes, Guibas et al. [12] showed a roughly cubic upper bound of O(n 2 λ s+2 (n)) on the number of discrete (also known as topological) changes in DT(P ), where λs(n) is the maximum length of an (n, s)-DavenportSchinzel sequence [19] . If each point of P is moving along a straight line and with the same speed, a slightly better upper bound of O(n 3 ) can be established for the number of discrete changes experienced by DT(P ) (see, e.g., [16] ). A substantial gap exists between these upper bounds and the best known quadratic lower bound [19] . Closing this gap has been in the computational geometry lore for many years, and is considered as one of the major (and very difficult) problems in the field; see [9, 11] .
The instances of the general problem for which the number of discrete changes in DT(P ) is provably sub-cubic, are strikingly few [13, 16] . It is especially worth mentioning the result of Koltun [16] which deals with sets of points moving along straight lines with equal speeds such that all points start their motion from a fixed line. In this particular case one can show that any four points are co-circular at most twice and any three points are co-linear at most once. (In a slightly more general setting, which is not covered by [16] , the points might start their motion from a circle. In that case, any three points can be collinear at most twice. The result of [16] is not topological and relies on the equations of point trajectories.)
Several relaxed formulations of the problem were studied. For example, Chew [6] proved that VD(P ) undergoes a near-quadratic number of discrete changes if it is defined with respect to a "polygonal" distance function. More recent studies [4, 15] show how to maintain a triangulation of P in a near-quadratic time. Agarwal et al. [3] show how to efficiently maintain a so called α-stable subgraph DT(P ), whose edges are robust with respect to small changes in the underlying norm. Acar et al. [1] show how to efficiently maintain the full Delaunay triangulation of a well-spaced superset of the n moving points.
Our result. We study the case in which (i) any four points of P are co-circular at most twice during the motion, and (ii) either every ordered triple of points can be collinear at most once 3 or every unordered triple can be collinear at most twice, and derive a nearly tight upper bound of O(n 2+ε ), for any ε > 0, on the number of discrete changes experienced by DT(P ) during the motion in either of these cases. We believe that our results constitute a substantial progress towards establishing nearly quadratic (or just sub-cubic) bounds for more general instances of the problem, such as the simple and natural instance of points moving along straight lines with equal speeds. In this case any four points admit at most three cocircularities, and any triple of points can be collinear at most twice. We believe that the tools developed in this paper can be extended to tackle this instance, and possibly also the general case, and we are currently exploring this research direction.
Proof overview. The majority of the discrete changes in DT(P ) occur at moments t0 when some four points p, q, a, b ∈ P are cocircular, and the corresponding circumdisc contains no other points of P . We refer to these events as Delaunay co-circularities. Suppose that p, a, q, b appear along their common circumcircle in this order, so ab and pq form the chords of the quadrilateral spanned by these points. Right before t0, one of the chords, say pq, is Delaunay and thus admits a P -empty disc whose boundary contains p and q. Right after time t 0 , the edge pq is replaced in DT(P ) by ab. Informally, this happens because the Delaunayhood of pq is violated by a and b: Any disc whose boundary contains p and q contains at least one of the points a, b. If pq does not re-enter DT(P ) after time t 0 , we can charge the event at time t 0 to the edge pq. We thus assume that pq is again Delaunay at some moment t 1 > t 0 . In particular, at that moment the Delaunayhood of pq is no longer violated by a and b. Before this happens, either at least one of a or b must hit pq, or an additional co-circularity of a, b, p, q must occur during (t 0 , t 1 ). Using our assumption that a, b, p, q induce at most two co-circularity events, we can guarantee (up to a reversal of the time axis) that the co-circularity at time t 0 is the last co-circularity of these 4 points. Thus, one of a, b, let it be a, must cross pq during (t0, t1).
Our goal is to derive a recurrence formula for the maximum number N (n) of such Delaunay co-circularities induced by any set P of n points (whose motion satisfies the above conditions). To do so, we study, in Section 2, the set of all co-circularities that involve the disappearing Delaunay edge pq and some other pair of points of P \ {p, q} and occur during the period (t 0 , t 1 ) when pq is absent from DT(P ). If we find at least Ω(k 2 ) "shallow" co-circularities 4 , involving p, q, and another pair of points, whose respective circumdiscs contain at most k points of P , we charge them for the disappearance of pq. We use the standard probabilistic technique of Clarkson and Shor [7] to show that the number of Delaunay co-circularities, for which our simple charging works, is O k 2 N (n/k) . Informally, such Delaunay co-circularities contribute a nearly quadratic term to the overall recurrence formula (see, e.g., [2] and [17] ). Similarly, if we find a "shallow" collinearity of p, q and another point (one halfplane bounded by the line of collinearity contains at most k points) we charge the disappearance of pq to this collinearity. A combination of the Clarkson-Shor technique with the known near-quadratic bound on the number of topological changes in the convex hull of P (see [19, Section 8.6 .1]) yields a near-quadratic term to the bound in this case.
It thus remains to bound the number of Delaunay co-circularities for which p and q participate in fewer "shallow" co-circularities and in no "shallow" collinearity during (t 0 , t 1 ). In this case, we show that one can restore the Delaunayhood of pq throughout (t0, t1) by removal of some subset A of O(k) points of P . In particular, the point a, which crosses pq, must belong to A. In the smaller Delaunay triangulation DT ((P \ A) ∪ {a}), the edge pq undergoes a complex process referred to as a Delaunay crossing by a.
In Section 3, we derive a recurrence formula for the number of these Delaunay crossings. This is achieved by establishing several structural properties of these crossings, which (as we believe) are of independent interest. Combined with the analysis of Section 2, this yields the desired "near-quadratic" recurrence for the number of Delaunay co-circularities. To make our analysis more accessible for the reader, we first assume, in Section 3, that any three points define at most one ordered collinearity. In Section 4 we extend this analysis for the case in which any three points define at most two collinearities (of any kind).
THE OVERALL FRAMEWORK
Delaunay co-circularities. Let P be a collection of n points moving along pseudo-algebraic trajectories in the plane, so that any four points are co-circular at most twice during the motion. (We also constrain the number of times, and the patterns, in which a triple of points can become collinear; see the introduction and below for precise details.) In addition, we assume, without loss of generality, that the trajectories of the points of P satisfy all the standard general position assumptions; see the full version [18] for more details. The Delaunay triangulation DT(P ) changes at discrete time moments t 0 when one of the following two types of events occurs.
(i) Some four points a, b, p, q of P become co-circular, so that the cicrumdisc of p, q, a, b is empty, i.e., does not contain any point of P in its interior. We refer to such events as Delaunay co-circularities, to distinguish them from non-Delaunay co-circularities, for which the circumdisc of a, b, p, q is nonempty, that is, contains one or more points of P in its interior. See Figure 1 (left).
(ii) Some three points a, b, p of P become collinear on the boundary of the convex hull of P . Assume that p lies between a and b. In this case, if p moves into the interior of the hull then the triangle abp becomes a new Delaunay triangle, and if p moves outside and becomes a new vertex, the old Delaunay triangle abp shrinks to a segment and disappears. See Figure 1 (right). The number of such collinearities on the convex hull boundary is known to be at most nearly quadratic; see, e.g., [19, Section 8.6 .1] and below.
We say that a co-circularity event at time t0 involving a, b, p, q has index 1 (resp., 2) if this is the first (resp., second) co-circularity involving a, b, p, q.
We say that a co-circularity event has level k if its corresponding circumdisc contains exactly k points of P in its interior. In particular, the Delaunay co-circularities have level 0. The co-circularities having level at most k are called k-shallow.
Similar notations apply to collinearities of triples of points p, q, r. A collinearity of p, q, r is called k-shallow if the number of points of P to the left, or to the right, of the line through p, q, r is at most k. The standard probabilistic argument of Clarkson and Shor [7] implies that the number of such events,
, where L(m) denote the maximum number of discrete changes on the convex hull of an m-point subset of P . As shown, e.g., in [19, Section 8 
, where β(·) is an extremely slowly growing function. 5 We thus get that the number of 
The red-blue arrangement. 
. Any disc whose bounding circle passes through p and q which is centered anywhere in the interval (E − (t), E + (t)) along the perpendicular bisector of pq is empty at time t, and thus serves as a witness to pq being Delaunay. If pq is not Delaunay at time t, there is a pair of a red function f + r (t) and a blue function f The edge pq is not a Delaunay edge because E + (t) (the hollow center) is smaller than E − (t) (the shaded center). Center and right: Red-red and red-blue co-circularities.
Hence, at any time when the edge pq joins or leaves DT(P ), via a Delaunay co-circularity involving p, q, and two other points of P , we have E − (t) = E + (t). In this case the two other points, a, b, are such that one of them, say a, lies in 
where t is the time and ρ measures signed distance to the midpoint of pq along the perpendicular bisector of pq. We label each vertex of A as red-red, blue-blue, or red-blue, according to the colors of the two functions meeting at the vertex. Note that our general position assumptions imply that A is also in general position, so that no three function pass through a common vertex, and no pair of functions are tangent to each other. Note also that the functions forming A have in general discontinuities, at the corresponding collinearities. At each such collinearity, a red function f It is instructive to note that in any co-circularity of four points of P there are exactly two pairs (the opposite pairs in the co-circularity) with respect to which the co-circularity is red-blue, and four pairs (the adjacent pairs) with respect to which the co-circularity is "monochromatic". In the case of a Delaunay co-circularity, the two pairs for which the co-circularity is red-blue are those that enter or leave the Delaunay triangulation DT(P ) (one pair enters and one leaves). The Delaunayhood of pairs for which the co-circularity is monochromatic is not affected by the co-circularity, which appears in the corresponding arrangement as a breakpoint of either
Overview. Consider a Delaunay co-circularity event at time t0 at which an edge pq of DT(P ) is replaced by another edge ab, because of a red-blue co-circularity (with respect to pq, and, for that matter, also with respect to ab) of level 0. Assume first that the cocircularity of p, q, a, b has index 2; the case of index 1 is handled fully symmetrically, by reversing the direction of the time axis. There are at most O(n 2 ) such events for which the vanishing edge pq never reappears in DT(P ), so we focus on the Delaunay co-circularities (of index 2) whose corresponding edge pq rejoins DT(P ) at some future moment t1 > t0. Note that in this case, if the co-circularity involved two other points a, b, then at least one of a, b must cross pq between t 0 and t 1 otherwise p, q, a and b would have to become co-circular again, in order to "free" pq from nonDelaunayhood, which is impossible since our co-circularity has index 2. Hence a major part of the general strategy is to charge the reappearance of pq to crossings (that is, collinearities) involving pq, which occur between t 0 and t 1 .
Nevertheless, before we get to charging collinearities, we first follow a more traditional charging scheme. We fix some sufficiently large constant parameter k > 0, and try to charge the disappearance of pq at time t0 to at least Ω(k 2 ) k-shallow red-red, redblue, and/or blue-blue co-circularities (all with respect to pq) that occur during the period (t 0 , t 1 ) of the absence of pq from DT(P ). The charging is almost unique (i.e., each co-circularity is charged at most a constant number of times in this manner). This in itself, combined with the Clarkson-Shor analysis technique, would lead to a recurrence with a nearly quadratic solution (see below for details, and see, e.g., [2] for similar situations). Unfortunately, this scheme does not always work because there might exist Delaunay co-circularities for which the respective red-blue arrangement (of the disappearing edge pq) contains relatively few shallow vertices of all three kinds during the interval (t 0 , t 1 ). In these cases we try to charge the Delaunay co-circularity to a k-shallow collinearity event in which the edge pq or the line pq is crossed by a point of P . This would also lead to a recurrence with a nearly quadratic solution. This however may also fail, and then we resort to a third kind of charging. Informally, we charge the co-circularity to a collinearity of p, q, and one of the other two points, a, b, that participated in the Delaunay co-circularity event at time t 0 (together with p and q). This collinearity is not shallow in the sense defined above, but is shallow in a different sense, in which, after removing at most k points of P it becomes a Delaunay crossing, a novel concept that we introduce for our analysis and which is discussed next.
Delaunay crossings. A Delaunay crossing is a triple (pq, r, I = (t0, t1)), where p, q, r ∈ P and I is a time interval, such that (1) pq leaves DT(P ) at time t 0 , and returns at time t 1 (and pq does not belong to DT(P ) during (t 0 , t 1 )), (2) r crosses the segment pq at least once during I, and (3) pq is an edge of DT(P \ {r}) during I (i.e., removing r restores the Delaunayhood of pq during the entire time interval I). Hollow points specify the positions of r when pq ∈ DT(P ). The solid circle in the left (resp., right) figure is the Delaunay co-circularity that starts (resp., ends) I.
It is easy to see that the third condition is equivalent to the following condition, expressed in terms of the red-blue arrangement A pq associated with pq: The point r participates only in red-blue co-circularites during the interval I, and these are the only red-blue co-circularities that occur during I. More specifically, note that r is red during some portion of I and is blue during the complementary portion (both portions are nonempty). During the former portion the graph of f + r coincides with the red lower envelope E + (otherwise E + (t) < E − (t) would hold sometime during I even after removal of r), so it can only meet the graphs of blue functions. Similarly, during the latter portion f − r coincides with the blue upper envelope E − , so it can only meet the graphs of red functions. See Figure 4 for a schematic illustration of this behavior.
Notice that no points, other than r, cross pq during I (any such crossing would clearly contradict the third condition at the very moment when it occurs). Moreover, r does not cross pq outside pq during I; otherwise pq would belong to DT(P ) when r belongs to pq \ pq. THEOREM 2.1. Let P be a collection of n points moving as described above. Suppose that an edge pq belongs to DT(P ) at moments t0 and t1, for t0 < t1. Let k > 12 be some sufficiently large constant. 6 Then one of the following conditions holds: (i) There is a k-shallow collinearity which takes place during (t 0 , t 1 ), and involves p, q and another point r.
(ii) There are Ω(k 2 ) k-shallow red-red, red-blue, or blue-blue co-circularities (with respect to pq) which occur during (t 0 , t 1 ).
(iii) There is a subset A ⊂ P of fewer than 3k points whose removal guarantees that pq belongs to DT(P \ A) throughout (t0, t1).
Notice that we do not assume that pq leaves DT(P ) at any moment during (t 0 , t 1 ). A typical application of the theorem in our charging scheme is as follows. 7 Suppose that pq disappears from DT(P ) at time t0 and reappears at time t1 > t0. If Case (i) or Case (ii) arises then we can charge the disappearance of pq either to the k-shallow collinearity in Case (i), or to the Ω(k 2 ) k-shallow cocircularities in Case (ii). Clearly, any co-circularity or collinearity is charged at most a constant number of times. (Namely, it can be charged only for the disappearances of edges pq whose two vertices p, q participate in the event, and only for the disappearance immediately preceding the event, without any in-between reappearance.) Both charges are good in the sense that they generate a recurrence with a near-quadratic solution. The third case is more complicated to handle, and the entire Section 3 will be devoted to it.
Proof of Theorem 2.1 -sketch. We only give an outline of the complete proof, which we delegate to the full version [18] . Consider the portion of the red-blue arrangement associated with pq within the time interval (t 0 , t 1 ). As above, refer to the parametric plane in which this arrangement is represented as the tρ-plane, where t is the time axis and ρ measures signed distances from pq . We define the red (resp., blue) level of a point x = (t, ρ) in this parametric R 2 as the number of red (resp., blue) functions that lie below (resp., above) x (in the ρ-direction). See Figure 5 . It is easily checked that the level of a co-circularity event at time t, with circumcenter at distance ρ from pq , is the sum of the red and the blue levels of (t, ρ).
Figure 5: Left: The point x = (t, ρ) lies below three blue functions and above two red functions, so its blue and red levels are 3 and 2, respectively. Right: The circumdisc centered at (signed) distance ρ from pq and touching p and q at time t contains the three corresponding blue points and two red points.
First, suppose that at some moment t0 < t * < t1 there is a disc D * that touches p and q, and contains at least k/3 red points and at least k/3 blue points. Notice that, for every red point inside D * , the corresponding disc B[p, q, r] contains at least k/3 blue points. See Figure 6 (left). We argue that, for some constant fraction of such red points r, the boundary of B[p, q, r] is crossed by Ω(k) red and blue points so that the resulting co-circularities are k-shallow (or else the point r is involved in a k-shallow collinearity with p and q). Informally, this happens because pq was Delaunay at time t 0 , so B[p, q, r] contained no blue points at time t 0 , but it contains k/3 such points at time t * (or another possibility is that the point r was blue at time t0 and changes its color during (t0, t1) ). In other words, the blue level of f + r sharply increases during (t 0 , t * ); see Figure 6 (right). Repeating this argument for Ω(k) red points inside D * , we encounter either Ω(k 2 ) k-shallow co-circularities, or a k-shallow collinearity, all involving p and q. Now assume that the above situation does not happen. In particular, there are always fewer than k/3 red points r whose respective discs B [p, q, r] the k/3 "shallowest" red-functions (i.e., the k/3 red functions that attain the smallest values) for, otherwise, the disc B[p, q, r] would contain at least k/3 red points in addition to k/3 blue ones; see Figure 7 (left) The number of Delaunay co-circularities. Let N (n) be the maximum possible number of Delaunay co-circularities induced by any set P of n points whose motion satisfies the above assumptions. Consider a Delaunay co-circularity of index 2, at time t0, where the Delaunayhood of pq ∈ DT(P ) is violated by a ∈ − pq and b ∈ + pq . If pq never rejoins DT(P ), we (uniquely) charge this cocircularity to the edge pq. Hence we may assume that pq reappears in DT(P ) at some future moment t1 > t0.
We are now ready to apply Theorem 2.1. Fix a sufficiently large constant k > 12. Assume first that one of the conditions (i) or (ii) holds, so we can charge the co-circularity of p, q, a, and b either to Ω(k 2 ) k-shallow co-circularities (each involving p, q, and some two other points of P ), or to a k-shallow collinearity (involving p, q, and some third point of P ). To bound the overall number of k-shallow co-circularities charged in this manner, we apply the probabilistic argument of Clarkson and Shor [7] . Specifically, we consider a random sample R of Θ(n/k) points of P and observe 8 A point of P can change its color during (t0, t1), and thus belong to both deleted sets. that any k-shallow co-circularity (with respect to P ) becomes a Delaunay co-circularity (with respect to R) with probability Θ(1/k 4 ). Hence, the overall number of k-shallow co-circularities is O(k 4 N (n/k)). Each k-shallow co-circularity is charged by only O(1) Delaunay co-circularities in this manner, and it has to "pay" only O(1/k 2 ) units every time it is charged. Similarly, as already argued, the number of k-shallow collinearities is O(kn 2 β(n)), and each such collinearity is charged by at most O(1) Delaunay cocircularities. Hence, there are at most O(k 2 N (n/k) + kn 2 β(n)) Delaunay co-circularities for which one of the conditions (i) or (ii) holds.
Assume then that condition (iii) holds for our co-circularity. We need the following lemma, whose easy proof is sketched in Figure  8 By assumption, there is a set A of at most 3k points (necessarily including at least one of a or b) whose removal ensures the Delaunayhood of pq during (t0, t1). By Lemma 2.2, one the two points a, b, let it be a, crosses pq during (t0, t1). We sample at random (and without replacement) a subset R ⊂ P of O(n/k) points, and notice that the following two events occur simultaneously with probability at least Ω(1/k 3 ): (1) the points p, q, a belong to R, and (2) none of the points of A \ {a} belong to R. Since a crosses pq during (t0, t1) (and pq is Delaunay at time t0 and t1), the sample R induces a Delaunay crossing (pq, a, I ), for some time interval I ⊂ (t 0 , t 1 ). (If a crosses pq more than once, there may be several such crossings which occur at disjoint sub-intervals of (t 0 , t 1 ).) We charge the disappearance of pq from DT(P ) to this crossing (or to the first such crossing if there are several) and note that the charging is unique (i.e., every Delaunay crossing (pq, a, I) in DT(R) is charged by at most one disappearance of the respective edge pq from DT(P )). Hence, the number of Delaunay co-circularities of this kind is bounded by O(k 3 C(n/k)), where C(n) denotes the maximum number of Delaunay crossings induced by any collection P of n points whose motion satisfies the above assumptions.
If the Delaunay co-circularity of p, q, a, b has index 1, we reverse the direction of the time axis and argue as above for the edge ab instead of pq. We thus obtain the following recurrence for the number of Delaunay co-circularities:
for some constant c > 0 that depends on the motion of the points but is independent of k. Informally, (1) implies that the maximum number of Delaunay co-circularities is asymptotically dominated by the maximum number of Delaunay crossings (assuming it is at least quadratic).
THE NUMBER OF DELAUNAY CROSS-INGS
In this section we derive a recurrence relation for the maximum number C(n) of Delaunay crossings induced by a set P of n moving points as above, which expresses C(n) in terms of the maximum number of Delaunay co-circularities of smaller-size sets, plus a nearly quadratic additive term. Plugging this relation into (1) yields a nearly quadratic upper bound on N (n).
Let (pq, r, I = (t 0 , t 1 )) be a Delaunay crossing, as defined in the previous section. Specifically, pq disappears from DT(P ) at time t0, rejoins DT(P ) at time t1, and remains Delaunay throughout I in DT(P \ {r}). To distinguish between the notion of a Delaunay crossing (pq, r, I), which lasts for the full time interval I, and the instance where r actually lies on the segment pq, we refer to the latter event by saying that r hits pq.
To simplify our description, we make the following assumption for the time being: Any point r crosses any edge pq ∈ P × P at most once. (Note that p, q, r might still define additional collinearity events, in which r is not the middle point of the collinearity.) In Section 4, we show how to replace this assumption by a more "natural" one 10 : Any three points are collinear at most twice (where one point may be the middle one in both collinearities). The following simple lemma lies at the heart of our analysis. PROOF. Assume that the Delaunay crossing of p and qr ends after that of r and pq; that is I2 ends after I1 (note that I1 and I2 need not be disjoint). Let s be a point of P \ {p, q, r}. By Lemma 3.1, the four points p, q, r, s define a co-circularity event during I 1 . Similarly, the same four points p, q, r, s define a co-circularity event during I 2 . We claim that the above two co-circularities are distinct. Indeed, the former co-circularity of p, q, r, s is red-blue with respect to the edge pq (which is crossed by r during I 1 ), so p and q are not adjacent in the co-circularity. On the other hand, the latter co-circularity is red-blue with respect to qr (which is crossed by p during I 2 ), so q and r are not adjacent in the co-circularity. However, both non-adjacencies cannot occur simultaneously in the same co-circularity, so these two co-circularities of p, q, r, s must be distinct.
Hence, the points p, q, r, s induce at least (by our assumption, exactly) two common co-circularity events before qr re-enters DT(P ).
Thus, we cannot have a Delaunay crossing of qr by s after qr reenters DT(P ), for otherwise this would lead, according to Lemma 3.1 to a third co-circularity event involving p, q, r and s. Since this holds for every point s ∈ P \ {p, q, r}, the crossing of qr by p is the last Delaunay crossing of qr, so it can be charged uniquely to this edge. (Clearly, any two Delaunay crossings of the same edge qr take place at disjoint time intervals.)
The following useful lemma is established in the full version [18] . Informally, it allows to distinguish Delaunay crossings from other collinearities induced by the points of P . Remark: To establish the Delaunayhood of pr and rq at times t 0 and t 1 it is sufficient to observe that the first and the last red-blue co-circularities (with respect to pq) during I, which involve r, are Delaunay co-circularities.
Our analysis is culminated by the following theorem, whose rather tedious proof incorporates all the machinery introduced in Sections 2 and 3.
pair of constants. The maximum number C(n) of Delaunay crossings satisfies the recurrence
for some constant c1 > 0 that depends on the motion of the points but is independent of k 1 , k 2 .
Notice that a single point can hit Ω(n 2 ) edges connecting various pairs of points of P .
Proof of Theorem 3.4 (sketch).
Our goal is to show that (on average) a point r of P is involved in relatively few Delaunay crossings of edges pq, pa that share the same vertex p. (Below we refer to such edges as p-edges.) The excess is charged to shallow cocircularities and collinearities, and (finally) to the special triples of points which can be counted using Theorem 3.2.
Without loss of generality, we assume in what follows that, for any Delaunay crossing (pq, r, I = (t 0 , t 1 )), the point r crosses pq from , t 1 )) .) The following lemma defines a natural order on the Delaunay crossings of p-edges by the same point r.
LEMMA 3.5. Let r be a point which is involved in Delaunay crossings of two p-edges, say pq and pa, and suppose that r hits pq before it hits pa. Then the Delaunay crossing of pq by r begins (resp., ends) before the beginning (resp., end) of the crossing of pa by r. Clearly, the converse statements hold too.
PROOF. We only prove the part of the lemma concerning the ending times of the crossings, because the proof about the starting times is fully symmetric (by reversing the direction of the time axis). Note that r enters + pq only once during the Delaunay crossing of pq by r, namely, right after r hits pq. Indeed, by assumption, r cannot exit + pq by crossing pq again, and it cannot cross pq \ pq because at that time pq, which is Delaunay in DT(P \ {r}), would be Delaunay also in the presence of r, contrary to the definition of a Delaunay crossing. Hence, we may assume that r still lies in + pq when it hits pa during the Delaunay crossing of that edge. Indeed, otherwise the crossing of pq would by then be over, so the claim would hold trivially. In particular, pa lies clockwise to pq at that time.
It suffices to prove that the co-circularity of p, q, r, a, which (by Lemma 3.1) occurs during the Delaunay crossing of pa by r, takes place when the crossing of pq by r is already finished (and, in particular, after the co-circularity of p, q, r, a that occurs during the crossing of pq).
Before the Delaunayhood of pa is restored, we have a co-circularity p, q, r, a in which q leaves B[p, a, r] ∩ − pa (see the proof of Lemma 3.1: right after the crossing, q, which lies then in − pa , is contained in B[p, a, r] and has to leave that disc before it becomes empty). Notice that this is a red-blue co-circularity with respect to pa, and a red-red co-circularity with respect to pq; see Figure 10 . Since no red-red or blue-blue co-circularities occur during a Delaunay crossing of an edge, the crossing of pq is already over. . This is a red-red cocircularity with respect to pq, so the crossing of pq is already over.
The proof of Theorem 3.4 proceeds by bounding the maximum possible number Q(n) of special quadruples p, q, a, r where r is involved in two consecutive Delaunay crossings (pq, r, I = (t0, t1)), (pa, r, J = (t2, t3) ). That is, we require that no Delaunay crossing begins during (t 0 , t 2 ) or ends during (t 1 , t 3 ). Any Delaunay crossing is a part of a special quadruple, unless it is the last such
Overview. As in Section 2, we first try to charge a special quadruple p, q, a, r to sufficiently many shallow co-circularities (or to a shallow collinearity) in the red-blue arrangements of the edges pr, rq, ra.
(According to Lemma 3.3, each of these edges is Delaunay during some subinterval of I ∪ J.) This is done by skillful application of Theorem 2.1 to the respective red-blue arrangements of these edges, with the constant parameter k equal to k 1 or k 2 . If none of these chargings is successful, we obtain a "small" subset A of P so that some triple among {p, q, r}, {p, a, r}, {q, a, r} induces two Delaunay crossings within DT(P \ A). We then use Lemma 3.2 to directly bound the number of such triples (and their respective quadruples).
Charging along pr. Consider the red-blue arrangement associated with the edge pr, during the time interval (t1, t3). Note that pr is Delaunay both at time t 1 and at time t 3 (recall Lemma 3.3), which allows us to use Theorem 2.1 (with k 1 instead of k). In cases (i) and (ii) of that theorem we charge the quadruple p, q, a, r to Ω(k 2 1 ) k1-shallow co-circularities, or to a k1-shallow collinearity (within the arrangement of pr).
In both cases, each shallow co-circularity or collinearity is charged at most a constant number of times. Indeed, consider the moment t * when the charged event occurs, and notice that it involves p and r (together with one or two additional points of P ). Then the moment t 1 (when the crossing of pq by r ends) is the last time before t * when a Delaunay crossing of a p-edge by r is completed. Hence, having guessed p and r (in O(1) ways), q is uniquely determined. (Clearly, a is uniquely determined by the ordered triple p, q, r.) Therefore, using the upper bounds on the number of k1-shallow collinearities and co-circularities established in Section 2, and the fact that each co-circularity pays only Θ(1/k 2 1 ) units when it is charged in this manner, we get that the number of such special quadruples p, q, a, r for which the red-blue arrangement of pr (during (t1, t3)) satisfies condition (i) or (ii) of Theorem 2.1 is O(k
. Assume then that the red-blue arrangement of pr (during (t 1 , t 3 )) satisfies condition (iii) of Theorem 2.1. Then one can restore the Delaunayhood of pr during (t1, t3) by removing a set A0 of at most 3k 1 points of P (possibly including q or a). The standard probabilistic argument of Clarkson and Shor [7] allows to bound the number of special quadruples in terms of the maximum number Q1(n) of the (even more) special quadruples for which pr belongs to DT(P \ {q, a}) throughout (t1, t3). Altogether, we obtain the following upper bound on Q(n):
It therefore remains to provide a suitable upper bound on the maximum possible number Q 1 (n) of the more "refined" quadruples p, q, a, r, which satisfy the above condition on the Delaunayhood of the edge pr. If q hits pr during (t1, t3), this additional condition implies that the triple p, q, r defines a second Delaunay crossing in DT(P \{a}); see Figure 11 (left). Lemma 3.2 suggests that this scenario happens for O(n 2 ) quadruples p, q, a, r. (Notice that a is uniquely determined by the choice of p, q and r.) Therefore, we may from here on assume that q does not hit pr during (t1, t3).
Let p, q, a, r be any remaining special quadruple (which has not been "eliminated" by the previous chargings.) We claim that no Right: The second co-circularity of p, q, r, b, which occurs at time t b during the crossing of bq. pr is hit by b before re-entering DT(P ).
Delaunay crossing of a q-edge bq by r can end during the time interval (t 1 , t 3 ) and before r crosses pq again (if at all). 12 This is done by showing that, for any such Delaunay crossing, the corresponding point b would hit pr during (t1, t3), thereby contradicting the Delaunayhood of pr in DT(P \ {q, a}) during (t 1 , t 3 ) .
Indeed, notice that the four points p, q, r, b define (at least) one co-circularity during the crossing of pq by r (recall Lemma 3.1), and another such co-circularity during the crossing of bq by r. To be specific, applying a symmetric version of Lemma 3.5, involving crossings of the q-edges qp, qb by r from right to left, and using the fact that the crossing of qb ends after that of qp, we conclude that r hits bq after it hits pq and that, by assumption, r lies in Figure 11 (right). By Lemma 3.3, the moment t b occurs after the interval I, and before J, implying that these intervals are disjoint in this case. By Lemma 2.2, pr is crossed by at least one of q, b at some moment between t b and t 2 < t 3 , the beginning of J when pa disappears from DT(P ) (note that pr is Delaunay at time t 2 ). Since the crossing of pr by q is excluded, it must be the case that b hits pr during the time interval (t1, t3), contrary to the previous assumption.
Charging along rq. If no Delaunay crossing of a q-edges bq by r occurs after time t1, (pq, r, I) is the last such Delaunay crossing of a q-edge bq by r. Clearly, this happens for at most O(n 2 ) quadruples p, q, a, r. Otherwise, let t 4 be the ending time of the "next" Delaunay crossing of some q-edge bq by r. (That is, the crossings of pq and bq induce a special "q-quadruple" q, p, b, r.) Notice that, according to Lemma 3.3, the edge rq belongs to DT(P ) at time t4.
We are now in position to apply Theorem 2.1 for the edge rq over the interval (t 1 , t 4 ), with k 2 in the role of k. If one of the first two conditions of Theorem 2.1 is satisfied, we can charge the quadruple p, q, r, a to Ω(k 2 2 ) k2-shallow co-circularities or to a k2-shallow collinearity (all with respect to rq). Just as in the previous cases (of charging along pr), the crucial observation is that every charged collinearity or co-circularity involves q and r, and pq is the q-edge whose Delaunay crossing by r ends up latest before the charged event. Hence, the number of special quadruples that can be charged in this manner is at most O(k 2 2 N (n/k 2 ) + k 2 n 2 β(n)). Now assume that condition (iii) of Theorem 2.1 holds. Then there is a subset A of at most 3k 2 points whose removal restores the Delaunayhood of rq throughout (t1, t4). If p hits rq during (t1, t4), 12 Recall that, in accordance with the convention introduced earlier in this section, we orient each such edge bq from b to q, since we are interested only in crossings by r from the left side it follows that the triple p, q, r induces two Delaunay crossings in the smaller Delaunay triangulation DT ((P \A)∪{p}) Notice that the four points p, q, r, a define (at least) one co-circularity during the crossing of pq by r (recall Lemma 3.1), and another such co-circularity during the crossing of pa by r. To be specific, applying Lemma 3.5 and using the fact that the crossing of pa ends after that of pq, we conclude that q lies in − pa when r hits pa. Hence, the second co-circularity of p, q, r, a occurs at time t a when r already lies in Figure  10 . Right after time ta the edge rq cannot be present in DT(P ), because its Delaunayhood is violated by p and a (so, according to Lemma 3.3, we have t a > t 1 ). By Lemma 2.2, rq is crossed by one of p or a during (t a , t 4 ). Since, by the previous assumption, p does not hit rq during (t 1 , t 4 ), we are left with the case where a crosses rq during (ta, t4). Thus, DT((P \ A) ∪ {a}) contains a Delaunay crossing of rq by a, which takes place during some sub-interval of (t a , t 4 ); see Figure 13 . This case requires the following special care. Informally, we want to charge the quadruples of this kind using Theorem 2.1 and Lemma 3.2, in much the same way as above. However, to make this charging effective, we need to analyze the scenario in the reverse direction of the time axis.
Specifically, we reverse the direction of the time axis, and note that, in the new setting, we still encounter Delaunay crossings of pq and pa by r, but now the crossing of pa begins at time t 3 and ends at time t2, and the crossing of pq begins at time t1 and ends at time t 0 . In this new setting, the roles of pq and pa are switched, so the Delaunay crossing of pa ends before that of pq (because, in the original time frame, I started before J). In particular, according to Lemma 3.5 no crossings of p-edges end during (t2, t0) (in the reverse time direction). Moreover, the additional assumption on the Delaunayhood of pr in DT(P \ {q, a}) is still satisfied during the interval (t 2 , t 0 ), which is contained in I ∪ (t 3 , t 1 ).
We follow the same case analysis as in the proof so far with the same pair of parameters 0 < k1 < k2, but with the differences just noted. For example, if a hits pr during (t2, t0) then the triple p, a, r defines two Delaunay crossings in DT(P \ {q}), which allows to bound the number of such quadruples by O(n 2 ) (using Lemma 3.2). Similarly, we use the Delaunayhood of pr in DT(P \ {q, a}) to show, for the remaining quadruples, that no Delaunay crossing of a-edge ba by r can end in the interval (t2, t0) while r lies in − pa . Charging along ra. Proceeding in the same spirit, we apply Theorem 2.1 to the edge ra over a suitable interval (t 2 , t 5 ), where t 5 denotes the starting time of the "next" Delaunay crossing of an a-edge (after pa) by r. (If t 5 does not exist then we can charge our quadruple to the pair ra.) Arguing exactly as in the previous cases, we can show that, with the exception of some O(k 2 2 N (n/k2)+k2n 2 β(n)) special quadruples (each charged to a k 2 -shallow collinearity or Ω(k 2 2 ) k 2 -shallow co-circularities), there is a subset B of at most 3k 2 points whose removal guarantees the Delaunayhood of ra throughout (t2, t5). If p hits ra during (t2, t5) then Lemma 3.2 (combined with the standard Clarkson-Shor technique [7] ) provides an upper bound of O(k 2 n 2 ) on the number of such quadruples. Otherwise, r still lies in + pa at the moment of the second (previously, first) co-circularity of p, q, a, r, right after which the Delaunayhood of ra is violated by p and q; see Figure 13 (left). Notice that ra is again Delaunay by time t5. Hence, according to Lemma 2.2, it is crossed by q during (t 2 , t 5 ) (as the crossing by p has been outruled). See Figure 13 (right). Thus, there is a Delaunay crossing of ra by q in DT((P \ B) ∪ {q}), which takes place during (t 2 , t 5 ), and this is the symmetric situation that we still need to handle. Fortunately, after all these preparations, this final case is easy to handle. Indeed, from the prior analysis, we get that the diagram DT([P \ (A ∪ B)] ∪ {a, q}) contains a Delaunay crossing of qr by a, and a Delaunay crossing of ra by q. Combining Lemma 3.2 with the probabilistic argument of Clarkson and Shor [7] , as above, we get that the number of such triples q, r, a is at most O(k 2 n 2 ). We charge each of the remaining quadruples to the triple q, r, a and observe that the choice of q, r, a uniquely determines p (and, therefore, the entire charging quadruple). Indeed, (pq, r, I) is the last Delaunay crossing of a q-edge (of the chosen orientation) by r to end before a hits rq.
Altogether, we have the following upper bound on Q1(n):
where c3 is a positive constant which does not depend on k2. The desired Inequality (2) now follows (for large enough c1) by combining the Inequalities (3), (4) and (5). 2
We now substitute the inequality (2) into (1), and obtain the following recurrence for N (n), in which we choose 12 < k k1 k 2 :
where c 2 is a constant factor which does not depend on the choice of k, k1, k2. Arguing as in earlier solutions of similar charging-based recurrences (see, e.g., [19, Section 7.3.2] ), the recurrence solves to N (n) = O(n 2+ε ), for any ε > 0.
In conclusion, we have the following theorem: THEOREM 3.6. Let P be a collection of n points moving along pseudo-algebraic trajectories in the plane, so that any four points of P are co-circular at most twice, and, for any ordered triple p, q, r, the point r can cross the segment pq at most once. Then the Delaunay triangulation DT(P ) of P experiences at most O(n 2+ε ) discrete changes throughout the motion, for any ε > 0.
REPEATED ORDERED COLLINEARITIES
In the full version [18] , we extend the analysis of Section 3 to the case where any three points of P can be collinear at most twice during the motion. In particular, and in contrast to the assumptions in Section 3, a point r ∈ P can hit an edge pq ∈ P ×P twice during the motion; moreover, this may occur during a single Delaunay crossing of pq by r.
As far as single Delaunay crossings (pq, r, I) are concerned, where r hits pq only once 13 during I, the vast majority of the analysis in Section 3 still holds. The only exception is the case analysis in the proof of Theorem 3.4 (appropriately restricted to such single crossings), which must be modified to handle certain new scenarious (or, more precisely, new variations of the old ones).
In addition, we study double Delaunay crossings (pq, r, I), where r hits pq exactly twice during I. This is done by a simplified version of the analysis that was used in the case of single Delaunay crossings. That is, we prove that, on average, any point r is involved in "few" such double crossings of edges that share the same vertex. The excess is charged to shallow co-circularities and collinearities, and (finally) to the special triples of points which can be counted using Theorem 3.2. We proceed by establishing a recursive bound on the number of special quadruples, each formed by a pair of "consecutive" double Delaunay crossings of adjacent edges pq and pa by the same point r. As in Section 3, the crucial step is applying Theorem 2.1 to the edges rq, ra over suitable time intervals. This leads to a simplified variant of the recursion in (2) . Altogether, we obtain: THEOREM 4.1. Let P be a collection of n points moving along pseudo-algebraic trajectories in the plane, so that any four points of P are co-circular at most twice, and the points of any triple p, q, r can be collinear at most twice. Then the Delaunay triangulation DT(P ) of P experiences at most O(n 2+ε ) discrete changes throughout the motion, for any ε > 0.
Discussion. In our analysis we have reduced the problem of bounding the number of Delaunay co-circularities to the more specific problem of bounding the number of Delaunay crossings. The aforementioned reduction easily extends to the case in which any four points of P can be co-circular at most three times during the motion. For these reasons, the author believes that the techniques introduced in this paper can be used to establish sub-cubic upper bounds for more general instances of the problem, such as the instance where the points are moving along straight lines with equal speeds.
